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Abstract 



The total irregularity of a graph G is defined as irrt(G) — ^ ^^ v<£V(G) Id'oiu)— do {v)\, 
where dQ(u) denotes the degree of a vertex u € V{G). In this paper we give (sharp) upper 
bounds on the total irregularity of graphs under several graph operations including join, 

1^ lexicographic product, Cartesian product, strong product, direct product, corona product, 

OO disjunction and symmetric difference. 



^^—^ Keywords: Irregularity and total irregularity of graphs, graph operations 

o 

en 1 Introduction 

^^ Let G be a simple undirected graph with |F(G)| = n vertices and |-E'(G)| = m edges. The 

^ degree of a vertex ?; in G is the number of edges incident with v and it is denoted by dciv). A 

3 graph G is regular if all its vertices have the same degree, otherwise it is irregular. However, in 

many applications and problems it is of big importance to know how irregular a given graph 
is. Several graph topological indices have been proposed for that purpose. Among the most 
investigated ones are: the irregularity of a graph introduced by Albertson [5] , the variance of 
vertex degrees [8], and Collatz-Sinogowitz index [13]. 

The imbalance of an edge e = uv G E, defined as imb(e) = \dG{u) — dG{v)\, appeares 
implicitly in the context of Ramsey problems with repeat degrees [6] , and later in the work of 
Chen, Erdos, Rousseau, and Schlep [12], where 2-colorings of edges of a complete graph were 
considered. In [5], Albertson defined the irregularity of G as 

irr(G) = ^ imb(e). (1) 

eeE{G) 

It is shown in [5] that for a graph G, irr(G) < 4n^/27 and that this bound can be approached 
arbitrary closely. Albertson also presented upper bounds on irregularity for bipartite graphs, 



triangle-free graphs and a sharp upper bound for trees. Some claims about bipartite graphs 
given in [5] have been formally proved in [19]. Related to Albertson is the work of Hansen 
and Melot [18], who characterized the graphs with n vertices and m edges with maximal 
irregularity. The irregularity measure irr also is related to the first Zagreb index Mi (G) and 
the second Zagreb index M2{G), one of the oldest and most investigated topological graph 
indices, defined as follows: 



veviG) 



and M2(G) 



uv£E{G) 



dG{u)dG{v). 



Alternatively the first Zagreb index can be expressed as 

Mi(G)= Y. [dG{u)+dG{v)]. 

uv£E{G) 



(2) 



Fath-Tabar [15] established new bounds on the first and the second Zagreb indices that 
depend on the irregularity of graphs as defined in (1). In line with the standard terminology 
of chemical graph theory, and the obvious connection with the first and the second Zagreb 
indices, Fath-Tabar named the sum in (1) the third Zagreb index and denoted it by M3(G). 
The graphs with maximal irregularity with 6, 7 and 8 vertices are depicted in Figure 1. 





(a) 



(b) 
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Figure 1: (a) The graph with 6 vertices with maximal irr. (b)The graph with 7 
vertices with maximal irr. (c) and (d) Graphs with 8 vertices with maximal 



Two other most frequently used graph topological indices, that measure how irregular a 
graph is, are the variance of degrees and the Collatz-Sinogowitz index [13]. Let G be a 
graph with n vertices and m edges, and Ai be the index or largest eigenvalue of the adjacency 
matrix A = {aij) (with aij = 1 if vertices i and j are joined by an edge and otherwise). Let 
Hi denotes the number of vertices of degree i for i = 1,2, . . . ,n — 1. Then, the variance of 
degrees and the Collatz-Sinogowitz index are respectively defined as 



^ n— 1 

Var(G) = Y. 



rii 



2m 
n 



and CS(G) = Ai 



2m 
n 



(3) 



Results of comparing irr, CS and Var are presented in [8, 14, 22]. 

There have been other attempts to determine how irregular graph is [2, 3, 4, 9, 10, 11, 
23], but heretofore this has not been captured by a single parameter as it was done by the 
irregularity measure by Albertson. 

The graph operation, especially graph products, plays significant role not only in pure 
and applied mathematics, but also in computer science. For example, the Cartesian product 



provide an important model for linking computers. In order to synchronize the work of the 
whole system it is necessary to search for Hamiltonian paths and cycles in the network. Thus, 
some results on Hamiltonian paths and cycles in Cartesian product of graphs can be applied 
in computer network design [27]. Many of the problems can be easily handled if the related 
graphs are regular or close to regular. 

Recently in [1] a new measure of irregularity of a graph, so-called the total irregularity, 
that depends also on one single parameter (the pairwise difference of vertex degrees) was 
introduced. It was defined as 



irrt(G) 



u,veV{G) 



dG{v)\ 



(4) 



In the next theorem the upper bounds on the total irregularity of a graph are presented. 
Graphs with maximal total irregularity are depicted in Figure 2. 

Theorem 1.1 ([!]). For a simple undirected graph G with n vertices, it holds that 

n even, 

_ ^ (2n3 - 3n2 - 2n + 3) n odd. 



^ ^{2n^ - M"^ - 2n) 



irri(G) < { 
Moreover, the bounds are sharp 





Figure 2: Graphs with maximal total irregularity H„ (with dashed edges) and i/„ 
(without dashed edges) for even and odd n, respectively. 

The motivation to introduce the total irregularity of a graph, as modification of the irreg- 
ularity of graph, is twofold. First, in contrast to irr(G), irr((G) can be computed directly from 
the sequence of the vertex degrees (degree sequence) of G. Second, the most irregular graphs 
with respect to irr are graphs that have only two degrees (see Figure 1 for an illustration). 
On the contrary the most irregular graphs with respect to irr^, as it is shown in [1], are graphs 
with maximal number of different vertex degrees (graphs with all doted (optional) edges in 
Figure 2), which is much closer to what one can expect from "very" irregular graphs. 

The aim of this paper is to investigate the total irregularity of graphs under several graph 
operations including join, Cartesian product, direct product, strong product, lexicographic 
product, corona product, disjunction and symmetric difference. Detailed exposition on some 
graph operations one can find in [16]. 



2 Results 

We start with simple observations about the complement and the disjoint union. 

The complement of a simple graph G with n vertices, denoted by G, is a simple graph with 
V{G) = V{G) and E{G) = {uv\u,v £ V{G) and uv ^ E{G)}. Thus, uv £ E{G) ^=> uv ^ 
E{G). Obviously, E{G) U E{G) = E{Kn), and for a vertex u, we have cIq^u) = n — 1 — dciu). 
From |(i^(u) — (ifj(f)| = |n — 1 — dciu) — (n — 1 — (iG(t;))| = IdcC^) — f^G(^)| it follows that 
irri(G) = irrt(G). 

For two graphs Gi and G2 with disjoint vertex sets V{Gi) and V{G2) and disjoint edge sets 
E{Gi) and £'(^2) the disjoint union of Gi and G2 is the graph G = Gi U G2 with the vertex 
set y(Gi)uy(G2) and the edge set E{Gi)UE{G2). Obviously, irvt{GUH) > [irt{G)+[TTt{H). 

Next we present sharp upper bounds for join, lexicographic product, Cartesian product, 
strong product, direct product, corona product and upper bounds for disjunction and sym- 
metric difference. 

2.1 Join 

The join G + H oi simple undirected graphs G and H is the graph with the vertex set V{G + 
H) = V{G)UV{H) and the edge set E{G + H) = E{G)UE{H)U{uv : u £ V{G), v G V{H)}. 

Theorem 2.1. Let G and H he simple undirected graphs with \V{G)\ = ni and \V{H)\ = 712 
such that ni > n2. Then, 

iTTt{G + H) < ■\ixt{G) + iTTt{H)+n2{ni-l){ni-2). 

Moreover, the hound is hest possihle. 

Proof. The total irregularity of G + -fT is 



\xTt{G + H) = 2 X] \dG+H{u) - dG+H{v)\ 

u,v&V(G+H) 
- ^ \dG+H{u) - dG+H{v)\ 



2 

m,i>GV{G) 



+ 9 X] \dG+H{u) - dG+H{v)\ 



2 

u,v(iV(H) 

+ X] X] \dG+H{u) - dG+H{v)\ ■ 

u<^V{G)veV(H) 

By definition, \V{G + H)\ = \V {G)\ + \V {H)\ = ni+n2. For vertices n G y(G) and i; G V{H), 
it holds that dG+uiu) = dG{u) + 71-2 and dG+uiv) = duiv) + ui. Thus, further we have 

irr,(G + F) = \ Y. \dG{u)-dG{v)\ + \ J^ \dH{u) - dHiv)\ 

u,veV{G) u,veV{H) 

+ E E \idG{u)+n2)-{dH{v) + n,)\ (5) 

ueV{G)veV{H) 



= irrtiG) + -irrtiH) + ^ ^ \ni - n2 + dniv) - daiu)] . 

ueV{G)vGV{H) 

Under the constrains ni > n2, dc{u) < ni — 1, and dniv) < 712 — 1, the double sum 

Y2 Y^ |ni — 712 + dniv) — dG{u)\ is maximal when H is a graph with maximal sum 

u&ViG)v(^V{H) 

of vertex degrees, i.e., H is the complete graph Kn2, and G is a graph with minimal sum of 
vertex degrees, i.e., G is a tree on ni vertices T„^. Thus, 

y^ y^ \ni-n2 + dHiv) - dG{u)\ 
ueV{G)veV{H) 

- Jl ^ \ni-n2 + dK„,, {v) - dT„^ {u)\ 

ueV{T„-^)veV(K„2) 
= 722 Y^ (ni - 1 - dT„^ (u)) 

= 772771 (ni - 1) - 2n2(ni - 1) 

= 772(ni - l)(77i -2), 



and 



irri(G + H)< irri(G) + iMH) + 772(711 - l)(77i - 2). (6) 



When 77i < 2, irrt(G) = irr((i:f) = irrt(G + H) = 0, and the claim of the theorem is fulfilled. 
Prom the derivation, it follows that (6) is equality when H is compete graph on 7^2 vertices 
and G is any tree on r7i vertices . D 

Example. Let denote by Hi a graph with |y(i?j)| = i isolated vertices (vertices with degree 
zero). Then, the bipartite graph Kij is a join of Hi and Hj. Analogously, the complete k- 
partite graph G = Kni,---,nk is join of Hm, ■ ■ ■ ,Hn,.- Straightforward calculation shows that 
irri(i^„.^nj) = niUj \nj — ni\, For the total irregularity of Km,--- ,nk we have 

irrt(i^„^,...,„J = - Y^ Idciu) - dG{v)\ 

u,veV{K„-^,... ,„j,) 



fc-l k 

k-1 k k-1 k 

Yl Yl "^™J \^J-^i\=Yl Yl irrt(i^n„n, 

1=1 j=i+l 1=1 j=i+l 



k—1 k I 

E E u E \dG{u) - dG{v)\ 

i=l j=j+l y U,V&V(Kn^,nj) 



2.2 Lexicographic product 

The lexicographic product G o H (also known as the graph composition) of simple undirected 
graphs G and H is the graph with the vertex set V{G o H) = V{G) x V{H) and the edge set 
E{GoH) = {{ui,Vk){uj,vi) : [uiUj G E{G)] V [{vkVi G E{H)) A {ui = Uj)]}. 



Theorem 2.2. Let G and H he simple undirected graphs with \V{G)\ = ui, \V{H)\ = n2 
then, 

irrt(G o H) < nl irri(G) + n? \vvt{H). 

Moreover, this hound is sharp for infinitely many graphs. 

Proof. By the definition oi G o H, it follows that \V{GoH)\ = nin2 and dGoH{ui,Vj) = 
n2dG{ui) + dnivj) for all 1 < i < ni, 1 < j < n2. Applying those relations, we obtain 



irrj(Goif) = - ^ \dGoHiui,Vk) - dGoH{uj,vi)\ 

(u„Vk)eViGoH) 
luj,vi)eV{GoH) 

= - ^ \n2dGiui) - n2dG{uj) + dnivk) - dH{vi)\ 

Ui,Uj&V{G) 
Vk,vieViH) 

- 2 ^ i'n'2\dG{ui) -dG{uj)\ + \dH{vk) -dH{vi)\) 

Ui,Uj£V{G) 
Vk,vi&V{H) 



-nl Y^ \dGiu^) - dG{uj)\ 

Ui,Uj£V(G) 

+ 9"? Y^ \dH{vk) - dH{vi)\ 



2 

Vk^vidViH) 

= nl\iTt{G) + nl-iiit{H). (7) 

To prove that the presented bound is best possible, consider the lexicographic product P/oCfc, 
/ > 1,A; > 3 (an illustration is given in Figure 3(b)). Straightforward calculations give that 
\iYt{Pi) = 2{l — 2), irrj(Cfc) = 0. The graph P; o Gk is comprised of 2k vertices of degree k + 2, 
and k{l — 2) vertices of degree 2k + 2. Hence, irri(P; o Gk) = 2k^{l — 2). On the other hand, 
the bound obtain here is irrt(P; o Gk) < k^ irrt(P/) + P irri(Cfc) = 2k^{l — 2). D 



2.3 Cartesian product 

The Cartesian product GOH of two simple undirected graphs G and H is the graph with the 
vertex set V{GnH) = V{G) x V{H) and the edge set E{GUH) = {{ui,Vk)iuj,vi) : [{uiUj G 
E{G))/\{vk = vi)\\/[{vkVi G E{H))A{ui = Uj)]}. From the definition of the Cartesian product, 
it follows that \V{GOH)\ = nin2 and dGnH{ui,Vj) = dG{ui) + dnivj). Since the derivation 
of the upper bound on G D i:f is similar to the case of a graph lexicographic product, we omit 
the proof and just state the result in Theorem 2.3. The best possible bound is obtained for 
P; D Cfc, / > 1, A; > 3, illustrated in Figure 3(c). The graph Pi D Gk is comprised of 2k vertices 
of degree 3, and k{l — 2) vertices of degree 4. Thus, irr((P/nCfc) = 2k'^{l — 2). The bound 
obtain here is irrt(P; D Gk) < k"^ irrt(P;) + /^ irrt(GA:) = 2k'^{l - 2). 

Theorem 2.3. Let G and H he simple undirected graphs with \V{G)\ = ui, \V{H)\ = n2 
then 

iTTtiGnH) < nl irri(G) + n? irri(iJ). 



V2 



Vl-1 
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{h) Pi o Ck 
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• Vertices of degree 4 

(c) PioCk 



Ml U2 



Uk-lUk 



Vl 
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Ml U2 
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o Vertices of degree 2 
• Vertices of degree 4 



o Vertices of degree 5 
• Vertices of degree 8 



(d) Pi X Ck 



(e) Pi S Ck 



Figure 3: (a) Path graph on I vertices Pi, and cycle graph on k vertices Ck, (b) 
lexicographic product graph PioCk, (c) Cartesian product graph PiOCk, 
(d) direct product graph Pi x Ck and, (e) strong product graph P; Kl C^. 



Moreover, this bound is sharp for infinitely many graphs. 

2.4 Strong product 

The strong product GMH of two simple undirected graphs G and H is the graph with the vertex 
seiV{GMH) = V{G)yiV{H) and the edge set E{G^H) = {{ui,Vk){uj,vi) : [{u^Uj e E{G))A 
{vk = vi)] V [{vkvi G E{H)) A {ui = Uj)] V[{uiUj G E{G)) A {vkVi G E{H))]}. 

Theorem 2.4. Let G and H he simple undirected graphs with \V{G)\ = ui, \E{G)\ = mi, 
\V{H)\ = n2 and \E[H)\ = mg. Then, 

\vYt{G M H) < n2 (n2 + 27712) irri(G) + ni (ni + 2mi) irr^ (if ). 

Moreover, this bound is best possible. 

Proof. From the definiton of the strong product, it follows \V{G M H)\ = nin2, \E{G Kl H)\ = 
min2 + m2ni + 2mim2, and dGmH{ui,Vk) = dciui) + dnivk) + dG{ui)dH{vk). The total 
irregularity of G Kl if is 

iiTtiGMH) = - ^ \dGmH{ui,Vk) -dGmH{uj,vi)\ 

{u„Vk),iuj,vi)£V{GSH) 

= 2 X] \dG^H{ui,Vk) -dG^H{uj,vi)\. (8) 

Ui,Uj&V(G),Vk,vieV{H) 

Applying simple algebraic transformation and the triangle inequality, we obtain 

\dGmH{ui,Vk)- dGEiH{uj,vi)\ = \{dG{ui) - dG{uj)) + [duivk) - dnivi)) 

+ {dG{ui)dH{vk) - dG{uj)dH{vi))\ 
< \dG{ui) - dG{uj)\ + Idnivk) - dH{vi)\ 

+ -{dG{ui) + dG{uj)) Idnivk) - dH{vi)\ 
+ 2^dH{vk) + dnivi)) \dG{ui) - dG{uj)\ . (9) 

From (8) and (9), we obtain 

irit{GMH) < 2 2^ [\dG{u,) - dG{Uj)\ + \dH{vi) - dH{Vk)\] 

Ui,UjGV{G), 
Vk,vieV(H) 

+T ^ {dG{ui) + dG{uj)) Idnivk) - dH{vi)\ 

Ui,Uj&V(G), 
Vk,vieV{H) 

+ 4 X] (dnivk) + dH{vi))\dG{ui) -dG{uj)\ 

Ui,UjeV(G), 
Vk,vi£V{H) 

= n2 (^2 + 2m2) irri(G) + rii (ni + 2mi) irr((ii). 



To prove that the presented bound is best possible, consider the strong product Pi ® Ck, 
l>l,k>3, ihustrated in Figure 3(e). We have, iirtiPi) = 2(/ - 2), irrt(Cfc) = 0. The graph 
Pi M Ck is comprised of 2k vertices of degree 5, and k{l — 2) vertices of degree 8. Hence, 
irrt(P; M Ck) = 6k'^{l — 2). On the other hand, the bound obtain here, is ivrt{Pi M Ck) < 
l{l + 2{l - 1)) irri(Cfc) + k{k + 2k) irrt(Pz) = 6k\l - 2). 

D 

2.5 Direct product 

The direct product C x H (also know as the tensor product, the Kronecker product [26], 
categorical product [25] and conjunctive product) of simple undirected graphs G and H is 
the graph with the vertex set V{G x H) = V{G) x V{H), and the edge set E{G x H) = 
{{ui,'Vk){uj,vi) : {ui,Uj) £ E{G)/\{vk-,vi) G E{H)}. From the definition of the direct product, 
it follows \V{G X H)\ = nin2, \E{C x H)\ = 2mim2, and dGxH{ui,Vk) = dG{ui)dH{vk)- The 
proof for the upper bound onCx H \s similar as that of the strong product GMH. Therefore, 
we show only that the bound in Theorem 2.5 is best possible, and omit the rest of the proof. 

Theorem 2.5. Let G and H he simple undirected graphs with \V{G)\ = ui, \E{G)\ = mi, 

\V{H)\ = na and \E{H)\ = mg. Then, 

irrt(G x H) < 2n2m2 irrt(G) + 2nimi \Tit{H)- 

Moreover, this hound is best possible. 

To prove that the presented bound is best possible, we consider the direct product PixCk, 
I > l,k > 3 (an illustration is given in Figure 3(d). Straightforward calculations give that 
iicit{Pi) = 2{l — 2), iTit{Ck) = 0. The graph Pi x Ck is comprised of 2A; vertices of degree 2, and 
k{l — 2) vertices of degree 4. Thus, irrt(P; x Ck) = 4/c^(/ — 2). On the other hand, the bound 
obtain by Proposition 2.5 is in:t{Pi x Ck) < 2n2m2 i"crt{G) + 2nimi in:t{H) = Ak'^{l — 2). 

2.6 Corona product 

The corona product G Q H oi simple undirected graphs G and H with |y(G)| = ni and 
|y(-ff)| = n2, is defined as the graph who is obtained by taking the disjoint union of G and 
ni copies of H and for each i, 1 < i < rai, inserting edges between the ith vertex of G and 
each vertex of the ith copy of H. Thus, the corona graph G Q H is the graph with the vertex 
set V{G QH) = V{G) Ui=i,...,„i V{Hi) and the edge set E{G Q H) = E{G) Ui=i,...,„i E{Hi) U 
{uiVj : Ui £ V{G),Vj £ V{Hi)}, where Hi is the ith. copy of the graph H. 

Theorem 2.6. Let G and H he simple undirected graphs with \V{G)\ = ni and \V{H)\ = n2. 
Then, 

irri(G Q H) < irri(G) + nlirrt{H) + nj (n^ + nins - 4n2 + 2) . 

Moreover, the bound is best possible. 



10 



Proof. The total irregularity oi G Q H \s 



irrt{GQH) = - ^ \dGQH{u) - dGGH{v)\ 
u,vGV{GQH) 

= 2 ^ \^g@h{x) - dG@H{y)\ 

x,yeV(G) 

+ EU E \dG&H{z)-dG&H{t)\\ 
i=l \ z,teViHi) J 

ni — 1 rii 

+ 12 Jl Yl IdGQHiz) - dGQH{t)\ 

i=i j=i+i zeV{Hi),teV{Hj) 

+ X] X] \dGQHiu) - dGQH{v)\ . 

i=i «Gy(G),-uey(H) 

By the definition oiGQH, \V{GqH)\ = \V{G)\ + m \V{H)\ = m + nins- For a vetrex 
u G V{G), it holds that dG&H{u) = dG{u) + n2 and for a vertex v G V{Hi), 1 < i < n2, we 
have dGQH{v) = dniv) + 1. Thus, 

iMGQH) = \ Y. \dG{x)-dG{y)\ + \ni Y. \dH{z) - dHit)\ 
x,y(^V(G) z,tGV{H) 

ni~l rii 
+ E E E \dHiz) + l-dHit)-l\ 

i=\ j=i+l z<=V(H,),t<=ViHj) 

+ E E |dG(u)-(;/f(v)+n2-l| 

j=l u£V{G),veV{H) 
= irri(G) + niuit{H) + ni(ni - l)irrf (i?) 

+ E E \dG{u)-dHiv) + n2-l\. (10) 

j=i uev{G),veV{H) 

Since ni > n2, the sum ^ I^gI^) — dniv) + n2 — 1| is maximal when ^^ueViG) '^g('u) 

«eV(G),i)eV'(ii') 
is maximal, i.e., G is the complete graph Kn^, and ^t,gy(iif) d_H'('u) is minimal, i.e., H is a 
tree on n2 vertices T^j. Thus, 

y^ \dG{u) - duiv) + n2 - l\ 

ueV{G),veV{H) 

- E E \dK„^iu) - dT„2^v) + n2 - l\ 

= E E \ni - I - dT„.^iv) + n2 - l\ 

MGV'{i^„Ji;ey(T„2) 
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= m Y^ (m + 712 - 2 - dT„2 (v)) 

= nin2(ni +722 - 2) - 2ni(n2 - 1) 

= ni(n2 + nin2 -4n2 + 2). (11) 

Substituting (11) into (10), we obtain 

irri(G Q H) < irri(G) + njirrtiH) + n? (n| + nin2 - 4n2 + 2) . (12) 

From the derivation of the bound (12), it follows that the sharp bound is obtained when G is 
compete graph on ni vertices and H is any tree on n2 vertices. D 

2.7 Disjunction 

The disjunction graph G \/ H of simple undirected graphs G and H with |y(G)| = ni and 
|y(i;Z")| = 71-2 is the graph with the vertex set V{G V H) = V{G) x V{H) and the edge set 
E{GyH) = {{ui,Vk){uj,vi) : UiUj £ E{G) VvkVi G E{H)}. It holds that \V{GV H)\ = nin2, 
and dcvHiuijVk) = n2dG{ui) + nidnivk) — dG{ui)dH{vk) for all i, k where, 1 < ^ < ni, 
l<k<n2. 

Theorem 2.7. Let G and H be simple undirected graphs with \V{G)\ = ui, \E{G)\ = mi, 
\V{H)\ = n2 and \E[H)\ = m2. Then, 

irrj(G V H) < 712 {r4 + 2m2) irri(G) + ni (nj + 2mi) urt{H). 

Proof. The total irregularity of G V if is 

irrt(GVi/) = - ^ \dGvH{ui,Vk) - dGvH{uj,vi)\ 

{Ui,Vt:),{uj,Vi)eV{GVH) 

= 2 XI \dGvH{ui,Vk) -dGvH{uj,vi)\. (13) 

Ui,UjeV{G),Vk,vieV{H) 

Since dG\jH{ui,Vk) = n2dG{ui) + nidnivk) - dG{ui)dH{vk) for aU i, k where, 1 < i < ni, 
1 < k < n2- We obtain 

\dGvH{ui,Vk) -dGvH{uj,vi)\ = \n2dG{ui) + uiduivk) - dG{ui)dH{vk) 

- {n2dG{uj) + nidH{vi) - dG{uj)dH{vi))\ 

Further, by simple algebraic manipulation and by the triangle inequality, we have 



\dGyH{ui,Vk) -dGyH{uj,vi)\ < n2\dG{ui) - dG{uj)\ + ni \dH{vk) - dnMl 

1 

■2' 
1 



+ -{dG{ui) + dG{uj)) \dH{vk) - dH{vi)\ 



+ ^{dH{vk) + dnivi)) \dGiui) - dGiuj)\ 



(14) 



From (13) and (14), we obtain 
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irrf(GViJ) < 2 X^ [n2\dGiui) - dG{uj)\ + ni\dH{vi) - dHivk)\] 
Ui,UjGV(G), 
Vk,vi&V(H) 

+ 4 X] (^G(wi) + doiuj)) Idnivk) - dH{vi)\ 

Ui,UjeV{G), 
Vk,vi&V{H) 

+i Y. {dH{vk)+dH{vi))\dG{ui)-dG{uj)\. (15) 

The first sum in (15) is equal to n^ irr^ (G) + nf iicrt{H), the second to 2nimi irTt{H), and the 
third to 2n2?7i2 irri(G). Hence, 

irri(G V ff) < n2 irri(G) + nf irr((i?') + 2nimi irrt{H) + 2 71,2^2 irri(G) 
= "-2 {nl + 2m2) irrt(G) + ni (nf + 2mi) irrj(/7). 

D 



2.8 Symmetric difference 

The symmetric difference G®Hoi simple undirected graphs G and H with |F(G)| = ni and 
|y(i?)| = n2 is the graph with the vertex set V{G ® H) = V{G) x V{H) and the edge set 
E{G®H) = {{ui,Vk){uj,vi) : eitheiUiUj e E{G)oTVkVi G E{H)}. It holds that \V{G®H)\ 
= nin2, and d(^Q^H){ui,Vj) = n2dG{ui) +nidH{vj) - 2dG{ui)dH{vj) for all 1 < i < ni,l < 
J < n2- 

Much as in the previous case, we present only the bound on the total irregularity of 
symmetric difference of two graphs. 

Theorem 2.8. Let G and H he simple undirected graphs with \V{G)\ = ui, \E{G)\ = mi, 
\V{H)\ = na and \E{H)\ = ma- Then, 

irr((G ®H)<n2 {n^ + 4m2) irrt(G) + ni {n\ + Ami) irrt{H). 



3 Conclusion 

In this paper we consider the total irregularity of simple undirected graphs under several 
graph operations. We present sharp upper bounds for join, lexicographic product, Cartesian 
product, strong product, direct product and corona product. It is an open problem if the 
presented upper bounds on the total irregularity of disjunction and symmetric difference are 
the best possible. 
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